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Current quantum noise can be pictured as a sum over transitions through which the electronic 
system exchanges energy with its environment. We formulate this picture and use it to show which 
type of current correlators are measurable, and in what measurement the zero point fluctuations will 
play a role (the answer to the latter is as expected: only if the detector excites the system.) Using the 
above picture, we calculate and give physical interpretation of the finite- frequency finite-temperature 
current noise in a noninteracting Landauer-type system, where the chemical potentials of terminals 
1 and 2 are fj, + eV/2 and [i — eV/2 respectively, and derive a detailed-balance condition for this 
nonequilibrium system. Finally, we derive a generalized form of the Kubo formula for a wide class 
of interacting nonequilibrium systems, relating the differential conductivity to the current noise. 

Contribution to the Proceedings of the 2001 Recontres de Moriond: Electronic Correlations: from Meso- to 
Nanophysics, T. Martin, G. Montambaux and J. Tran Thanh Van eds. EDPScience 2001. 

I. INTRODUCTION 

A general expression for the current correlators is derived below: it is. a sum over transitions between pairs of energy 
levels. This expression is very similar to the one obtained by Van Hovecl in the framework of neutron scattering theory. 
Using this sum over transitions we will identify the positive and negative frequency part of the correlator as having 
distinct, well-defined, separately-measurable, physical interpretations, namely: the emission and absorption spectra. 
This picture will enable us to analyze in what type of measurement the zero-point fluctuations will have an effect on the 
measured spectrum. It will also enable us to derive a detailed balance relation out of equilibrium for a Landauer-type 
system which consists of a point scatterer connected through two one-dimensional single-channel conducting arms, to 
two terminals whose chemical potentials differ. This condition keeps the system in a stationary nonequilibrium state. 
Finally, a Kubo formula for the differential conductivity is derived for a wide class of systems out of equilbrium, and 
is verified analytically for the above Landauer-type case. 

II. GENERAL FORMULATION FOR THE QUANTUM NOISE. 

Consider the current correlator for a stationary system (i.e. with no dependence on t 1 ), 

at) = (j( t ')j(t'+t)) =Y^Pi{i\mmi), (i) 

i 

of a quantum system ("antenna"), characterized by a density matrix which is diagonal in the eigenstate basis. |i) 
are the eigenstates of the antenna with energies Ei and populations Pi. J is a space averages of the time-dependent 
current operator in the Heisenberg representation, j(x,t) = cxp(iHt/h)j exp(—iHt/h), where H is the Hamiltonian 
of the antenna, taken to be time independent, but otherwise very general, including interactions. 

If the (stationary) system were describable classically, then one would have C(t) = C(—t) and it would be clear what 
the time-dependent current fluctuations were: the average-over-realizations of the product of the values of the current 
at different times. However, in the quantum case the operators j(t) for different times do not commute. Therefore 
the quantum correlator can not, in general, be given this simple interpretation. Actually, in the quantum case C(t) 
is in general complex and not symmetric, but just satisfies: C(t) — C(—t)*, which means that it is not a directly 
measurable quantity in the sense that the product of the (real) current values that appear, say, on some ampermeter 
screen at different times does not give C(t). Its Fourier transform (to which we shall also refer, for brevity, as the 
correlator): 

/•OO 

S(u>)= e iut (\J(0)J(t)\)dt, (2) 
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is also nonsymmetric, S(ui) 7^ S(—w), although it is obviously real (see eq.(||)). This can be seenS by inserting the 
identity operator I/) (/I in c q-(§) and performing the time-integration, which yields: 

S(uj) = 2irhJ2 p i\(f\J\i)\ 2 S(Ei -E f - hw). (3) 

if 

This expression is not symmetric with respect to w since Pj usually decreases with Ei. 

S(u>) has the following important physical significance. If the system is coupled, through a small term which is 
linear in J(t), to a second system (see examples below), then, by the Fermi golden rule, S(u) is proportional to the 
transition rate between the initial state |z) and the final state |/), for which Ei — Ef = Ulo. Therefore, for ui > it is 
proportional to the emission rate and for u) < it is proportional to the absorption ratea. 

Fpjc_ example, if the second system is the free EM field, then S(u> > 0) is proportional to the energy emission 
ratdau into the vacuum state of this field (i.e. the state of the EM field with occupation number — 0), and for 
lu < it is proportional to the energy absorption rate from an EM field with a giy£n^photon, i.e., with JVi^i = 1. 
Another example is provided by a system which is coupled to a measuring deviceauQ'B (e.g., a resonant circuit). 
Then S(u>) is proportional to the energy transfer rate between the system and the measuring-device: The terms with 
Ei > Ef describe transitions in which an energy of hu = Ei — Ef > is transferred from the system to the measuring 
device, while terms with Ef > Ei describe transitions in which an energy of —ftw — Ef — Ei > is transferred from 
the measuring device to the system. When uj > 0, only the first type of terms will remain and S(u>) will be the 
emission spectrum while S(—lj) will be the absorption spectrum. Thus, the two branches of S(uj) yield two physically 
interesting and separately-measurable quantities. 

In the case when the ajitenna is in equilibrium at a temperature T and time-reversal symmetry holds, one finds the 
detailed balance relational 

S(w) = S(-u)e- Ruj/kBT . (4) 

This detailed balance relation ensures that the system remains in equilibrium, by taking care that the asymmetry 
S{ui) 7^ S(—u), i.e., the difference between the upward transitions (absorption) and the downward ones (emission) is 
compensated by the difference between the higher and lower thermal occupations. In section 3 the above relation is 
generalized for a particular nonequilibrium system, where it serves to keep the latter in its nonequilibrium, though 
stationary, state. From eq.(^) one sees that only for low frequencies H\ui\ <C ksT, will the classical symmetry, 
S(ui) = S(—u>), hold. In the time domain this means that the classical symmetry, C(t) — C(—t), becomes valid only 
for late times \t\ 3> H/ksT. 

The customary way to treat the quantum case isM to consider the symmetrized correlator Cs(t' — t) = 
(l/2)(j(t)j(t') + j(t')j(t)), which is real and symmetric like the classical one. However, for a wide class of noise 
detection schemes and in particular for a detector in its ground-state Cs(t) is not, the measured correlator, since it 
contains the zero-point fluctuations n For example, if the antenna is in equilibrium at a temperature T, it follows from 
the fluctuation-dissipation theorems that for uj > one has Ss(u>) ~ [Nt(co) + (l/2)]u), where Ss(co) is the Fourier 
transform of Cg(t) and Nt{u) = [exp(uj /ksT) — is the Planck function. This means that Ss{w) ^ even when 
T = 0, and the antenna is in its ground state. Since being in the ground state the-antenna can not radiate energy, 
Ss(oj) can not be considered as the correlator measured by detecting the radiationtil. 

To conclude, the measured quantity will generally not contain the emission and absorption in a symuafiicic combina- 
tion. This was shown for particular situations of quantum noise measurement in electronic transportuQa'tll as well as 
in quantum opticsE3liiHlj. The more physical correlator (and its power spectrum) is the one without symmetrization. 
Its transform is given by a sum over transitions - downward ones in the case of positive frequency, and upward ones 
in the case of negative frequency. Each of these two branches has its own distinct physical significance, the emission 
and absorption spectrum, that may in principle be detected separately. 



III. SHOT NOISE 

We now consider current fluctuationsEl'El for the Landauer model. A point-like elastic scatterer is connected through 
two ideal single-channel conducting ballistic arms to two Fermion reservoirs, 1, and 2, with chemical potentials fi+eV/2 
and /i — eV/2 respectively. V is the voltage, and it is assumed that eV,hbj, ksT -C /i. We consider non-interacting 
electrons and ignore spin. The single-particle scattering-states with energy e„ = K 2 k 2 /2m, which corresponds to a 
wave that is incoming on arm a = 1,2, partially reflected back into it and partially transmitted into the other arms, 
is: tp n (xry) = L~ 1 / 2 [5 a ~ l e~ lkx ~< + s ia (k)e lkx ~>]. Here n = (a,k) with k > 0; a, 7 = 1,2, L is a normalization length, 
m the electron mass and x 1 the distance of a point on arm 7 from the scatterer. s ai is the element of the unitary 
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scattering matrix, and it is assumed to be energy independent unless otherwise stated. To specify that a state <p n 
comes from terminal a, we shall write n £ a. The current operator on arm a is 

j(x a ) = ~{ieh/2m)^dl l a nl ip^\' ptp n , + h.c, 

nn' 

where a n and a) n are the annihilation and creation operators of the (p's. 
We assume that the measured current is the average 

J(t) = J- / dx 2 j(x 2 ) (5) 
L o Jl 



over a segment L far away from the scatterer which satisfies: L kp 3> 1 and uL m/(hkp) <C 1, where kp = ^/2m/j, 
and u> is the frequency of the measured noise which is assumed to satisfy to -C /i. These conditions ensure that the 
correlators are independent of the length and position of the segment Lq,', i.e, it has no spatial dependence, which is 
not addressed in experiments. 

To describe the current noise consider the correlator, given by eq. (||) We emphasize again that at least for some 
types of noise detection, it is eq. (|^) and not its symmetrized version, which gives the measured noise if the detector 
is cold enough, i.e., when excitation of the system by the detector is unlikely so that the absorption is negligible. 
The states \i) are given according to the Landauer picture by the eigenstates of the system (i.e., Slater determinants) 
labelled by specifying a set {rii} of the occupied single-particle states (the scattering states ip n emanating from the 
two reservoirs): 

\i) = \{n>i}) = Y[al.\vacuum), (6) 

m 

and the corresponding probabilities (for a more general derivation see Rcf. |l|) are: 

Pi = —exp[-0j2{e ni - (fi + eV/2))n t ] x _ eX p[- ( 9^(e„ i - (/x - eV/2))m], (7) 

1 nel 2 »i62 

where j3 = (ksT)^ 1 and 

Z a = expi-lS^M^ - in- eV(-\) a /2))] 
{m} nea 

a = 1,2. The probabilities Pi correspond to a situation in which the occupations in the gas in the one-dimensional 
system are determined by grand-canonical probabilities that depend on the chemical potential and the temperature 
of the terminals that supply the electrons to the system. From eqs.(^) and (||) it follows that at zero temperature 
Pi = for any i except for one state, which we name a cold transport state which is given by: 

\cold transport) = J j a\\vacuurn) , 

TiSl;e„<Ai+eV/2 

n62; e„<fi-eV/2 (8) 

In this cold transport state all the (p n 's are occupied up to an energy fi — eV/2 if n £ 2 and up to /i + eV/2 (eV -C fJ,) 
if n £ 1 (sec fig. 1). Therefore, this state, although it is the stationary state with the lowest energy among those 
that are made possible by the two terminals, is not a ground state, and since it carries current, it is not even an 
equilibrium state. 

In the sum in eq.(|^), the non-diagonal matrix element (z|J(0)|/) is nonzero only if \f) differs from \i) by moving 
one particle from an occupied state, (p n , to a previously unoccupied state, ip n ', i.e., |/) is of the form a/ n ,a n \i) (up to 
a fermionic factor of ±1, that will play no role below.) The diagonal elements (i\J(0)\i) appear in a term ~ 8(hw). 
In what follows we consider only w/0 and therefore neglect this term. In experiments the integration in eq.(0) is 
limited by the sampling time of the experiment, T s , and as a result 5{huj) is smoothed into a peak with a width of 
~ h/T s which means that the condition oj ^ actually means wT s ^> 1. We therefore have: 

S(cu) = £ \J nn .\ 2 5{e n - e n , - d). (9) 
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The cold transport state and the four 
types of possible transitions for negative 
frequency. 
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FIG. 1: The Landauer model, states and transitions. 



where J % nn , = (i\ J(0)a„, a n \i), and where now the summation over n and n' is over all single-particle states <p n and ip n i 
(with single-particle energies e n and e n ') which are occupied and unoccupied, respectively, in \i). Now we divide the 
summation in eq. (||) into four partial sums, according to the four possible types of transitions: two auto-terminal 
ones and two cross-terminal ones (shown in fig. 1 for u> < in the cold transport state): 

a, 7=1, 2 

where S a ^{uS) contains only the transitions from states with n £ a to states n G 7. Explicitly: 

S a ^)=2^Y d P i Kn'l^n-^-M (11) 

Each of these four sums can be evaluated separately by calculating the current matrix elements in eq. (^) , transform- 
ing the sums over k and k' (which are implicit in the sums over n and n') into integrals, performing the summation 
over i according to Eqs. (||) and (0), and integrating using the condition Hui,eV, ksT <§; /1 and the unitarity of the 
scattering matrix, ^ 7 s a7 s^ 7 = 5 a p- The final results are: 

„ , , e 2 T(l-T) huj-eV 

Sl^)= \ > e ^-eV ) _ 1 (12) 
- j- e/ 3(^+eV) _ J ( 13 ) 

e 2 T 2 ftw , . 

S^) = S^ 2 (uj) = (14) 

Where, T = |s2i| 2 is the transmission from arm 1 to 2. Substitution in eq. (|lO|) yields: 

e 2 f(\ - f) 2e 2 f 2 
S(u) = ( -r - [F(fiw -eV) + F{hw + eV)\ + —^—F{fvu)) (15) 
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where F(x) = x{e^ x - l)" 1 . Eq. © is the non-symmetrized power spectrum, at finite frequency (positive or 
negative), voltage and temperature. It has been previously obtained by Aguado and KouwenhovenEl (they use an 
opposite convention for the sign of uj). Eq. (|l51is consistent with the zero-temperature limit, i.e., the cold .transport 
case, that was obtained by Lesovik and LoosenQ. Unlike the symmetrized version that was derived by Yango and de 
Jong and BeenakkerO, here S(u>) ^ S(—uj). 

Since the system is not in equilibrium, the detailed-balance condition c q.M ) is not satisfied, however, a modified 
version of it does exists. To obtain it, note that Eqs.(^) and (p"l|), or (p^),(|13|) and ( |i"4| ) imply: 

Si^iM = S^x{-u)e-^ , S 2 ^ 2 (u>) = S 2 ^ 2 (-u)e-^ (16) 

S^ 2 (uj) = S 2 ^ 1 (-Lu)e-^+P eV , S 2 ^(uj) = S^ 2 (-cj)e-^-^ v 

In equilibrium, eV — and the last two relations have the form of first two and then, by eq.(^), the ordinary 
detailed-balance relation, eq. @) is recovered. The finite voltage creates a nonequilibrium but stationary state which 
is maintained by virtue of more complicated detailed-balance relations between upward and downward transitions, 
given by the above four equations. In particular these relations imply that S(—uj) ^ even at zero temperature which 
is not surprising since in the cold transport state, eq. (H), downward transitions are possible from occupied states 
with n G 1 within the energy window [p, — eV/2, /i + eV/2] into the empty states with n g 2 and within the same 
energy window. That is, emission is possible. 

Another conclusion arising from the above four equations is that in order to recover the classical symmetry S(co) = 
S(—ui), the condition H\ui\ <C ksT is not longer enough and should be replaced by: eV + h\ui\ -C fceT. 

IV. KUBO FORMULA FOR NONEQUILIBRIUM SYSTEMS 

Here we would like to make another application of the point of view of section [nj, We again allowEE for the 
antenna a large class of nonequilibrium situations - all those in which the density matrix is diagonal in the eigenstate 
basis (and it therefore commutes with the Hamiltonian) . This may include electron-electron interactions and the 
possibility that (j(t)) ^ 0. 

A useful example to have in mind is a Landauer-type transport system of section 3, which has a two-terminal linear 
conductance, per spin channel, of 

We use the explicit exact expression of eq.|| £de the current power-spectrum S(u>). As emphasized in section ||, its 
important physical significance is that it givesju the emission rate into the vacuum (i.e. the state of the EM field 
where all N u = 0) for uj > and the absorption rate for u> < and an EM field with one photon, N\ u t = 1. 

We first take the (possibly D.C. driven) "antenna" to be in a given (usually the lowest) state consistent with the 
external driving (this will be valid, for example, when the reservoirs that feed the antenna are at T = and there 
is either no coupling with any additional thermal bath, or when that coupling is with a bath at T — > 0, and no 
appreciable heating by the D.C. current has taken place. In the latter case, some tendency toward equilibrating the 
chemical potentials of the left- and right- moving electrons may occur, with a reduction of the D.C. current, which 
is of no particular concern to us). In the case of the Landauer-type system of section 3, this lowest state is the 
cold transport one, defined in eq. § The energy absorption rate, R a (u>), by the antenna from a classical field (with 
N u ^> 1 photons and appegligible spontaneous component of the emitted radiation) with a frequency uj > is given 
via the usual treatmentu by: 



The emission rate, R e (u>) is given by 



Ra(u) = w|^H| 2 5(-w)/(Sc 2 ). (18) 



R e (oj) = uj\A{uj)\ 2 S(uj)/(hc 2 ). (19) 



The net absorption rate, R a ^ net (uj) is given by the difference between eqs. (|T|) and (|l9|). It is also given, writing 
the infinitesimal "tickling" electric field as E(u>) = iA(u>)u)/c, by 

R a ,net{u) = -2G d {uj){iu/c) 2 \A(uj)\ 2 , (20) 
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where the volume of the system is defined as unity. 

Gd(<jj) is the differential ac conductance. It is defined as the in-phase (dissipative) linear response (A.C. current) 
to the tickling. A.C. field at frequency w. A finite D.C. current which in turn flows in response to the finite applied 
D.C. voltageO V, is allowed. 

Using eqs. 18, [it] and |2(], we reach our principal conclusion that i 
our nonequilibrium system (i.e. typically including quantum shot-noist 
Gd(co) at the same frequency u>. 



£ antisymmetric part of the current noise in 
3) is related to the differential ac conductance 



S(-u) - S(uj) = 2hujG d (uj), (w > 0), (21) 

Eq. |2l] is the simple but nontrivial generalization of the Kubo formula0 for the current-carrying, nonequilibrium, 
case. The antisymmetric combination appearing on the LHS corresponds to the Fourier transform of the commutator 
of the Heiseaberg current operators at different times. A similar expression was obtained by Lesovik and LoosenO and 
by Lesoviko. Here we have interpreted it physically and put it in a general context 

It is straightforward to generalize the above treatment to the case where the antenna is not at its lowest possible 
state, but has a density matrix (assumed to be diagonal in the eigenstates' basis) which allows the population of a 
number of states. The general form of the result of the net absorption rate is still valid. Therefore, our principal 



result, eq. 21, is unchanged. 

We now verify the above results with the example of the Landauer-type model, of section 3. From eq. (JlJ) and 



17D it follows that: 



T 

S(-uj) - S(u) = e 2 -uj = 2fuvG, (22) 

7T 



in agreement with the generalized Kubo formula, eq. 21 . To consider a more general case we now relax the assumption 
that the scattering matrix is energy independent and assume instead that the scale on which it changes is of the order 
of eV, and that eV S> Hu). We emphasize that the energy dependence of the scattering matrix must be evaluated 
including the self-consistent changes in the potential of the scatterer due to the voltage V. A similar derivation to 
the one that led to eq. ( |l5| ) and (|2|) now gives: 

S(-u) - S(u) = e 2 - i? 2 (/i - eV/2) + T 2 (fj, + eV/2)) (23) 

2tt 

where R = 1 - f. Approximating T(e) = T(/z - eV/2) + A(e - fi + eV/2) + 0{V 2 ), one has: 



S(-w)-S(u) = e 2 -uj(l + \eV), (24) 

where T = T(/i — eV/2). This, together with eq.|2l], is a new prediction for the low, but finite frequency^ dynamic 
conductivity, which may be different from the slope of the DC I-V characteristics. 

The generalizatioii,|Of the above to the case of many transport channels, along the lines of the usual theories of 
quantum shot-noiseE3li-3, is straightforward. One uses the representation where the transmission part of the scattering 
matrix is diagonal. The results are expressed in terms of the transmission eigenvalues. 

When the field probing the system has a finite jwmber, N^, of photons, the net flow of energy, including the 
spontaneous process, from the system to the field isM: 

R M (u) = S(w){N u + 1) - N u S(-u). (25) 

Using eq.[l5| for the quantum shot-noise, and taking Gd — G, we see that the spontaneous term is unimportant for 
N u eV(l — T)/fojj. In the opposite limit the sample just emits noise into the "cold detector". 
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